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**Definition 1** {#FPar1}
----------------
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This work deals with the development of a method that satisfies the discrete analogue of the last definition. The quest for such a method has been a constant for the last couple of decades. Several methods have been proposed over the years, both in the finite element and finite volume contexts (see \[[@CR21]\] for a review). Overall, the common point of all discretisations that satisfy a discrete maximum principle (DMP) is that they add some diffusion to the equations. This extra diffusion can lead to a linear method, but it is a well-known fact that such a method will provide very diffused numerical solutions, which will converge suboptimally. Due to the previous fact, several methods that add nonlinear diffusion have been proposed.

One approach has been to add a so-called shock-capturing term to the finite element formulation. This typically amounts to a nonlinear diffusion term where the diffusion coefficient depends nonlinearly on the finite element residual, making it large in the zones where the solution is underresolved, but vanish in smooth regions. An analysis showing that nonlinear shock capturing methods may lead to a DMP was first proposed in \[[@CR5]\], and then developed further for the Laplace operator in \[[@CR6]\], and for the convection--diffusion equation in \[[@CR7]\]. For a review of shock capturing methods, designed to reduce spurious oscillations, without necessarily satisfying a DMP, see \[[@CR14]\]. More recent nonlinear discretisations, these ones based on the idea of blending in order to satisfy the DMP, are the works \[[@CR1], [@CR9]\], where the emphasis has been given to prove the convergence to an entropy solution. Most shock capturing techniques suffer from the strong nonlinearity introduced when the diffusion coefficient is made to depend on the finite element residual (and therefore the gradient of the approximation function). Because of this the analysis of such methods is incomplete even when linear model problems with constant coefficients are considered. In particular, in most cases uniqueness of solutions can not be proved, and the convergence theory is incomplete.

On the other hand, driven initially by the design of explicit time stepping schemes for compressible flows, so called flux corrected transport (FCT) schemes and the related algebraic flux correction (AFC) schemes were introduced \[[@CR15], [@CR19], [@CR20]\]. These schemes act on the algebraic level by first modifying the system matrix so that it has suitable properties to make the system monotonous, while perturbing the method as little as possible. In the most elementary case the system matrix is simply perturbed to make it an M-matrix, resulting in a linear method. This crude strategy, however, necessarily results in a first order scheme. Then, AFC schemes introduce a nonlinear switch, or flux limiter, thus making the low order monotone scheme active only in the zones where the DMP may be violated. These schemes have also resisted mathematical analysis for a long time, but a number of results have been proved recently in \[[@CR2], [@CR3]\]. Indeed, in these references, existence of solutions and positivity have been proved, and a first error analysis has been performed. Nevertheless, it was shown that the DMP, and even the convergence of the discrete solution to the continuous one, depend on the geometry of the mesh.

Another approach to combine monotone (low order) finite element methods with linear diffusion and high order FEM using flux-limiters was proposed very recently in \[[@CR13]\]. It then appears that a cross pollination between the idea of AFC and shock-capturing could be fruitful.

The objective of the present paper is to further bridge the gap between the shock capturing approach and the algebraic flux correction. Indeed we will consider a generalisation of the shock-capturing term first introduced in \[[@CR4]\] to several dimensions, using an anisotropic diffusion operator along element edges similar to that introduced in \[[@CR7]\]. We show that the resulting scheme satisfies the DMP and give an analysis of the method. In particular we show that the new shock capturing term is Lipschitz continuous, and, if the mesh is sufficiently regular, linearity preserving (see Sect. [2.1](#Sec4){ref-type="sec"}), which allows us to improve greatly on previous results. In Sect. [2.2](#Sec5){ref-type="sec"} we prove existence of solutions, the discrete maximum principle, and noticeably, uniqueness in the diffusion dominated regime. We then show error estimates, which, thanks to the combined use of linearity preservation and Lipschitz continuity, turn out to be optimal in the diffusion dominated regime, for a special class of meshes (see Sect. [3](#Sec7){ref-type="sec"}). In Sect. [4](#Sec8){ref-type="sec"}, we revisit the design principles of AFC and show that the proposed shock-capturing term can be interpreted as an AFC scheme using a special flux, allowing both for a DMP and Lipschitz continuity. Some numerical results are finally shown in Sect. [5](#Sec9){ref-type="sec"}.

Notations {#Sec2}
---------

We now introduce some notation that will be needed for the discrete setting. We consider a family $\documentclass[12pt]{minimal}
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The nonlinear discretisation {#Sec3}
============================

The standard finite element method for the problem ([1.2](#Equ2){ref-type=""}) takes the form: find $\documentclass[12pt]{minimal}
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### *Proof* {#FPar5}
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### *Remark 1* {#FPar6}

It is worth remarking that a modification of the method can be introduced in such a way that the method becomes linearity preserving on general meshes. This modification is based on the introduction of appropriate weights in the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ in ([2.4](#Equ8){ref-type=""}) can be obtained for the present modification. For simplicity of the presentation, and also to avoid the computational complexity of solving the constrained optimisation problem ([2.16](#Equ20){ref-type=""}), we have preferred to use in the rest of the paper the original definition ([2.4](#Equ8){ref-type=""}).

Solvability of the discrete problem {#Sec5}
-----------------------------------

This section is devoted to analyse the existence of solutions for ([2.2](#Equ6){ref-type=""}). It is interesting to remark that, thanks to the Lipschitz continuity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_h(\cdot ;\cdot ,\cdot )$$\end{document}$, the solution can be proved to be unique in the diffusion-dominated regime.

### **Lemma 3** {#FPar7}
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### *Proof* {#FPar8}
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The solvability of the nonlinear problem ([2.2](#Equ6){ref-type=""}) appears as a consequence of the above result and Brower's fixed point theorem.

### **Theorem 1** {#FPar9}

The discrete problem ([2.2](#Equ6){ref-type=""}) has at least one solution. Moreover, if $\documentclass[12pt]{minimal}
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                \begin{document}$$C_\mathrm{lip}$$\end{document}$ is the constant from Lemma [2](#FPar4){ref-type="sec"}, then the solution is unique.

### *Proof* {#FPar10}
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The discrete maximum principle {#Sec6}
------------------------------

This section is devoted to prove that method ([2.2](#Equ6){ref-type=""}) preserves positivity. For this, we will impose the following geometric hypothesis on the mesh. This hypothesis can be tracked back to \[[@CR22]\], and in two space dimensions it reduces to impose that the mesh is Delaunay.

### **Assumption 1** {#FPar11}
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We now introduce the discrete analogue of the maximum principle. This definition is related to the one from \[[@CR7]\], and it leads to results which are, essentially, identical to those from that reference.

### **Definition 2** {#FPar12}
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A direct consequence of this definition is the following result analoguous to that of \[[@CR7], Proposition 2.5\]. We reproduce the proof here for the reader's convenience.

### **Lemma 4** {#FPar13}
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### *Proof* {#FPar14}
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The following result states the DMP for ([2.2](#Equ6){ref-type=""}).

### **Theorem 2** {#FPar15}
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### *Proof* {#FPar16}
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### *Remark 2* {#FPar17}

It is interesting to remark that the hypothesis on the meshes of the triangulation can be avoided if the problem is supposed to be strongly convection-dominated. In fact, following analogous steps to those used to prove ([2.32](#Equ36){ref-type=""}) we can arrive at$$\documentclass[12pt]{minimal}
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The last result is only interesting if $\documentclass[12pt]{minimal}
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Convergence {#Sec7}
===========
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**Lemma 5** {#FPar18}
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*Proof* {#FPar19}
-------
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Collecting ([3.3](#Equ44){ref-type=""}) and Lemma [5](#FPar18){ref-type="sec"} we then obtain the following error estimate for ([2.2](#Equ6){ref-type=""}).

**Theorem 3** {#FPar20}
-------------
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The following result states that for meshes which are symmetric with respect to their interior nodes, the method converges with a higher order. This result's main interest lies in the diffusion dominated regime, due to the factor $\documentclass[12pt]{minimal}
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*Proof* {#FPar22}
-------
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A link to algebraic flux correction schemes {#Sec8}
===========================================

Method ([2.2](#Equ6){ref-type=""}) has been presented having as motivation the study of the effect of adding edge-based diffusion into the equations to impose the discrete maximum principle. Another family of methods that are built with the same purpose is the AFC schemes. This section is devoted to study the relationship between the two approaches, and that is why we now summarise the main building principles of AFC schemes.
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Method ([2.2](#Equ6){ref-type=""}) then appears as an algebraic flux-correction scheme, with a different definition of the limiters. Indeed comparing ([2.2](#Equ6){ref-type=""}) with ([4.7](#Equ65){ref-type=""}) we get the equivalent AFC scheme if we choose $\documentclass[12pt]{minimal}
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Numerical results {#Sec9}
=================

In this section we present three sets of numerical results for bi-dimensional problems. All three cases are set in $\documentclass[12pt]{minimal}
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Convergence for a smooth solution {#Sec10}
---------------------------------
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The results in Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"} match the theoretical results. In particular we observe a first order convergence in the diffusion-dominated regime for the mesh (c), as predicted by Theorem [4](#FPar21){ref-type="sec"}, and a second order convergence in the $\documentclass[12pt]{minimal}
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We finish this example by a deeper study of the behavior of the nonlinear fixed-point iteration with respect to the value of *p*. The results are reported in Table [5](#Tab5){ref-type="table"}. For these results, we have used the three-directional mesh (c), with $\documentclass[12pt]{minimal}
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                \begin{document}$$l=5$$\end{document}$. We can observe that, for the values of *p* ranging from 1 to 10 the iterations needed to reach convergence are essentially independent of the value of *p*. This behavior is kept until a value around 20, and then some non-convergence is observed in the scheme. Here, by non-convergence we mean that the desired residual reduction has not been achieved after 5000 iterations. The same qualitative behavior has been observed for other meshes, and the two other settings presented later. In those cases, non-convergence has been observed starting at values of about 10 or 15, depending on the case. Then, we believe that it is safe to use this scheme for values of *p* not much higher than 10. Of course, further work could be used to find the right damping parameters for each case, but this would come at the price of having to perform much more iterations.Table 2$\documentclass[12pt]{minimal}
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A problem with one inner layer, and a rotating convective field {#Sec11}
---------------------------------------------------------------
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                \begin{document}$$p=1$$\end{document}$. For both higher values for *p*, a similar behaviour to the one in Table [5](#Tab5){ref-type="table"} was observed in terms of number of iterations needed for convergence.

Advection skew to the mesh {#Sec12}
--------------------------
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                \begin{document}$$\begin{aligned} g(x,y)=\left\{ \begin{array}{ll} 1 &{}\quad \text {if}\; x= 0 \; \text {or}\; y=1,\\ 0 &{}\quad \text {else}, \end{array}\right. \end{aligned}$$\end{document}$$as Dirichlet condition. We have solved this problem on a criss-cross mesh as shown in mesh (a) in Fig. [1](#Fig1){ref-type="fig"}. We have used the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _0^{}=0.75$$\end{document}$, and, again, no violations of the DMP have been observed. The results are depicted in Fig. [3](#Fig3){ref-type="fig"}, where we can observe much sharper layers (especially the internal one) when higher values for *p* have been used. Again, for both higher values for *p*, a similar behaviour to the one in Table [5](#Tab5){ref-type="table"} was observed in terms of number of iterations needed for convergence.
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